As a comparative newly-invented PKM with over-constraints in kinematic chains, the Exechon has attracted extensive attention from the research society. Different from the well-recognized kinematics analysis, the research on the stiffness characteristics of the Exechon still remains as a challenge due to the structural complexity. In order to achieve a thorough understanding of the stiffness characteristics of the Exechon PKM, this paper proposed an analytical kinetostatic model by using the substructure synthesis technique. The whole PKM system is decomposed into a moving platform subsystem, three limb subsystems and a fixed base subsystem, which are connected to each other sequentially through corresponding joints. Each limb body is modeled as a spatial beam with uniform cross-section constrained by two sets of lumped springs. The equilibrium equation of each individual limb assemblage is derived through finite element formulation and combined with that of the moving platform derived with Newtonian method to construct the governing kinetostatic equations of the system after introducing the deformation compatibility conditions between the moving platform and the limbs. By extracting the 66 block matrix from the inversion of the governing compliance matrix, the stiffness of the moving platform is formulated. The computation for the stiffness of the Exechon PKM at a typical configuration as well as throughout the workspace is carried out in a quick manner with a piece-by-piece partition algorithm. The numerical simulations reveal a strong position-dependency of the PKM's stiffness in that it is symmetric relative to a work plane due to structural features. At the last stage, the effects of some design variables such as structural, dimensional and stiffness parameters on system rigidity are investigated with the purpose of providing useful information for the structural optimization and performance enhancement of the Exechon PKM. It is worthy mentioning that the proposed methodology of stiffness modeling in this paper can also be applied to other overconstrained PKMs and can evaluate the global rigidity over workplace efficiently with minor revisions.
Introduction
Compared with their counterparts of traditional serial kinematic machine (SKM) tools, parallel kinematic machines (PKMs) with lower mobility claim the advantages of high stiffness, small moving mass and compact volume by utilizing the parallel arrangements of motion system. This makes PKMs with lower mobility a promising alternative solution for high-speed machining (HSM) of extra large scale components with complicated geometries. For instance, the commercial success of Sprint Z3 head has applied in aeronautical industries [1, 2] . Another commercial attemption was the use of Tricept robots in automotive industries, which however has seen little acceptance so far due to technical reasons [3] [4] [5] [6] . Other propositions of using PKMs for HSM can also be traced in recent publications [7] [8] [9] [10] . More recently, the Exechon PKM has been proposed and patented by Neumann under the motivation of reducing the number of passive joints and non-actuated degree of freedom [11] . The prototyping system has been developed and its improved performance has been demonstrated through primary experiments [12] .
As one of the most overwhelming concerns in the early design stage of such a PKM designed for HSM applications where high rigidity and high positioning accuracy are required, stiffness has attracted extensive attention from the research societies [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Among all the studies towards the stiffness modeling and evaluation, the finite element method (FEM) [13, 14] , the matrix structure method (MSM) [15, 16] , the virtual joint method (VJM) [17, 18] and the screw-based method (SBM) [19] [20] [21] [22] are the most common used approaches.
For example, Pairs proposed a FE model for a planar parallel manipulator with flexible links and analysed the system dynamics [13] . Huang et al. proposed a stiffness model for a tripod-based PKM by decomposing the overall system into two separate substructures and formulating the stiffness expressions of each substructure with virtual work principle [16] . A similar model of the
3-DOF CaPaMan parallel manipulator is established by
Ceccarelli and Carbone who considered the kinematic and static features of the three legs in view of the motions of every joint and link [17] . Li and Xu proposed an intuitive method based upon an overall Jacobian to formulate the stiffness matrix of a 3-PUU translational PKM. In their model, the compliances subjected to both actuations and constraints are considered and the overall stiffness matrix of the lower mobility parallel manipulator can be derived intuitively [19] . Following the same track, Huang and Liu et al proposed a stiffness modelling approach for the lower mobility parallel manipulators using the generalized Jacobian [20] .
Different from abundant investigations on the stiffness of the PKMs as mentioned above, the studies focusing on the stiffness of the Exechon PKM are quite scare. Bonnemains and co-workers [23] derived a static model for Tripteor by taking into account the nonlinear compliances of joints and legs, with which the static behaviour of the system was analyzed. They then extended the static model to a dynamic one with the energy method [24] . This dynamic model was then used to study the impact of component deformations on the generated surfaces. Li et al [25] established an analytical stiffness model for Exechon X150 with the screw theory and the virtual work principle. Based on the proposed model, the mechanism's stiffness at typical configurations was analysed and compared with FE simulations. More recently, Bi [26] formulated a stiffness matrix for the Exechon X700 PKM by using the kinetostatic method. Based on kinematic Jacobian matrices, the impacts of stiffness from both axial and torsional compliances of actuated legs were considered and the distributions of stiffness in each individual direction were predicted.
It is worthy to mention that a lack of consideration of the compliance of limb body as well as the orientation-dependency of the spherical joint of the Exechon PKM can be traced in most of the above studies.
Although the effects of these factors can be included if a FE model is applied, however, adopting the FEM to analyze the stiffness of the Exechon PKM seems to be a second priority choice in that it might require reconstruction or re-meshing of kinematic chain assemblages when the PKM's configuration is changed within the working envelope.
The present work has a different perspective in that it aims to achieve a thorough understanding of the stiffness characterisitics of the Exechon PKM, which can be summarized in two aspects: (1) 
Kinematic Modeling
A CAD model for the Exechon module is shown in Fig. 1 . As shown in Fig. 1 , the Exechon module consists of a moving platform, a fixed base and three kinematic limbs. Limb 1 and limb 2 are symmetrical with respect to limb 3. Limb 1 (and 2) connects the base to the platform by a universal (U) joint followed by a prismatic (P) joint and a revolute (R) joint in sequence, where the P joint is driven by a lead screw linear actuator. The constitution of limb 3 is slightly different from limb 1 and limb 2 in that it connects to the moving platform by a spherical (S)
joint. An electrical spindle can be mounted on the platform to implement high-speed milling. Driven independently by three servomotors, one translation along z axis and two rotations about x and y axes can be achieved.
For the convenience of analysis, a schematic diagram of the Exechon module is depicted in Fig. 2 
where "s" and "c" denote "sin" and "cos" functions, respectively; ,  and φ are Euler angles in terms of precession, nutation and rotation.
As shown in Fig. 2 , the position vector of point B i measured in the A-xyz can be given as 
Eq. (4) is the parasitic motions of the Exechon module. The inverse position analysis can be conducted as follows: diag[ ]
Kinetostatic Modeling
where k r1x , k r1y , k r1z and k r1u , k r1v k r1w are three linear stiffness coefficients and three angular stiffness 
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where k r2x , k r2y , k r2z and k r2u , k r2v k r2w are three linear stiffness coefficients and three angular stiffness coefficients along and about three perpendicular axes at the centroid of Part 2.
Therefore, the stiffness of a revolute joint can be regarded as a serial aggregation of Part 1 and Part 2
A universal joint is composed of lead-screw assembly (including front bearing, lead screw and rear bearing), guideway assembly and carriage assembly.
Therefore, the stiffness of the universal joint k ui can be calculated through the superposition of each part as addressed. The expression of k ui can be formulated as
where k ul , k ug and k uc are the stiffness of lead-screw assembly, guideway assembly and the carriage assembly, respectively.
The lead-screw assembly is serially comprised of the front bearing, the lead screw and the rear bearing, which only provides a constraint to the carriage in axial direction. Thus, its stiffness can be expressed as
where k ulz is the stiffness of the lead-screw assembly in the axial direction, and
where l is the length of limb body; l n is half of the width of the carriage assembly; E is the Yong's modulus of the lead screw; A is its cross-sectional area; k F and k R are the axial stiffness of the front bearing and the rear bearing, respectively. They can be determined from bearing datasheets and finite element analysis.
The guideway assembly can be simplified into a virtual lumped spring with stiffness in six directions.
Apparently, this virtual lumped spring does not provide constraints to the carriage along the axial direction of the guideway. Therefore, the stiffness of the guideway assembly can be formulated as 
where k ucz =k ucu =k ucv =0. k ucx , k ucy and k ucz are three translational stiffness coefficients along three Cartesian axes of x, y and z; k ucu , k ucv and k ucw are three rotational stiffness about three Cartesian axes of x, y and z. Similar to the guideway assembly, coefficients in Eq. (14) can be determined through finite element analysis and semi-analytical fitting.
Substituting Eqs. (11)~ (14) into Eq. (10), one can formulate the stiffness of universal joint assembly as
The derivation of stiffness of a spherical joint is the same to a revolute joint except stiffness of the carriage in that the values of the stiffness coefficients about three perpendicular axes are set to be zero.
Therefore, the stiffness matrix of the spherical joint k s in limb 3 can be denoted as
The simplified spatial beam shown in To simplify the formulation, each limb body is discretized into n elements with B i , A i and C i being nodes of elements. As a result, a set of equilibrium equations of the i th limb in frame B i -x i y i z i can be formulated with adequate boundary conditions and can be expressed as
where k i is the stiffness matrix of each limb body; u i and f i are the general coordinates vector and external loads vector of the i th limb body and can be expressed as
where 
where R i is transformation matrix of B i -x i y i z i with respect to A-xyz and can be determined from the inverse kinematic analysis.
Equilibrium equation derivation of the moving platform
The free body diagram of the moving platform is shown in Fig. 6 . 
Similarly, the reactions of universal joint in the i th (i=1~2) limb can be expressed as
where
the equivalent stiffness of a universal joint in related directions.
The reactions of the spherical joint in limb 3 are
where k s1 =diag[k sx k sy k sz ] is the linear stiffness of the spherical joint in limb 3.
Governing equilibrium equation of the system
Substituting Eqs. (25) ~ (27) into Eqs. (20) and (22) 
3.5. Formulation of stiffness matrix of the moving platform Eq. (29) gives the formulation of the global stiffness matrix, from which it can be found that it is non-diagonal, indicating that the stiffness of the moving platform is coupled with those of the limb structures. In order to evaluate the rigidity of the moving platform, the concept
of compliance is adopted, which is mathematically expressed as
where H=18n+6 is the dimension of the stiffness matrix, n is the discrete nodes number of each limb. With Eq. (35), the compliance matrix of the platform can be obtained as the last 66 block matrix in C % and is denoted as C p . Therefore, the stiffness of the platform in the body fixed frame B-uvw can be expressed according to the duality of compliance as
where T 0 =diag[R 0 R 0 ] is the transformation matrix of the platform body fixed frame with respect to the global reference.
It is noted that the overall stiffness of the Exechon machine is greatly influenced by its hand axes.
Compared to the parallel part, the hand axes are quite soft due to its unique serial structures. As a result, the comparatively softer serial part has detrimental effects on machining properties with no doubt. However, it is worth noting that in the present study the compliance of serial hand axes is not included subject to the following reason.
The basic consideration is that the serial part of an Exechon-type machine could be in different forms when designed to achieve various tasks such as milling, drilling, riveting, etc. In other words, the serial parts can be regarded as a reconfigurable plug-and-play unit with different functions and structures. As a result, the stiffness of this serial part can only be determined according to its specific structures. On the contrary, the parallel kinematic part of an Exechon-type machine possesses a common architecture and can be regarded as a general flexible supporting structure for the serial part.
With this thought, the overall stiffness of the hybrid machine can be calculated through the superposition of the serial hand axes stiffness K m and the parallel platform stiffness K p with kinematic transformations.
Stiffness Analysis

Parameters of an exemplar system
The major geometrical parameters of an example system of the Exechon module are listed in Table 1 Table 2 gives the stiffness coefficients of three perpendicular axes of joints in their local frames, which are calculated through ANSYS software. 20 20 According to the parameters above of the example system, the following numerical simulation and analysis can be conducted.
Stiffness matrix at extreme position
By solving Eq. (36), one can easily obtain the stiffness of the platform at any given configuration. 
As can be clearly seen from Table 3 . Another observation can be found that the linear stiffness along w axis is much larger than those along the other axes while the angular stiffness about w axis claims the smallest among the three angular stiffnesses, implying that the PKM has a 'strong' rigidity along the w axis while a 'weak' rigidity about the w axis. 
Parametric analysis
In this subsection, the effects of some design variables on the stiffness properties of the PKM are investigated. Some structural parameters, dimensional parameters and stiffness parameters are taken as design variables and their influences on system stiffness analyzed as follows. constant, the bigger the radius of the platform r p becomes, the easier the platform rotates about its axis.
Structural parameter effects
Dimensional parameter effects
Stiffness parameter effects
The following demonstrates the variations of the six principle stiffnesses with respect to the stiffness coefficients of the revolute joint, the universal joint and the spherical joint.
For the convenience of analysis, some physical quantities are defined. For example, define Compared the effects of the linear stiffness along the y axis and that along the z axis, it seems that stiffness along the z axis has a 'stronger' impact on the principle stiffness. 
Conclusions
This paper has produced an in-depth study on the 
